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Abstract
The connection between Lorentz invariance violation and noncommutativity of fields in a quantum field theory is investigated.
A new dispersion relation for a free field theory with just one additional noncommutative parameter is obtained. While values
for the noncommutative scale much larger than 10−20 eV−1 are ruled out by the present experimental status, cosmic ray
physics would be compatible with and sensible to a noncommutativity arising from quantum gravity effects. We explore the
matter–antimatter asymmetry which is naturally present in this framework.
 2003 Published by Elsevier B.V.
PACS: 04.60.-m; 11.30.Cp; 98.70.Sa
Keywords: Noncommutativity; Lorentz invariance violation; Field theory; Cosmic rays
Open access under CC BY license.Recently several groups have argued that quan-
tum gravity relics could be seen from dispersion re-
lations violating Lorentz invariance [1]. In order to
explain these results, they used dispersion relations
coming from loop quantum gravity or other arguments
based on effective field theories. Lorentz invariance
is then seen as a good low-energy symmetry which
may be violated at very high energies [2]. This vio-
lation is usually compatible with translational and ro-
tational invariance in a “preferred frame”. Since our
low-energy theories are relativistic quantum field the-
ories (QFT’s), it is interesting to explore possible ex-
tensions of the QFT framework which could produce
departures from exact Lorentz invariance.
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Open access under CC BY licenThe purpose of this Letter is to show how the
assumption of noncommutativity (NC) in the field
space of a QFT produces Lorentz-violating dispersion
relations. Moreover, we will show that cosmic ray
physics is sensitive to a NC scale as low as the Planck
length. In particular a consequence of NC at this
scale would be the absence of the GZK cutoff [3]
in the cosmic ray spectrum. NC will moreover be
a possible source of an asymmetry between matter
and antimatter, with physical processes distinguishing
between them.
Let us firstly consider the theory of a complex
scalar free field on a noncommutative space (i.e.,
[xi, xj ] = iθij ) described by the following action
(1)S =
∫
d4x
[
∂µφ
∗ 
 ∂µφ −m2φ∗ 
 φ].
se.
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(A 
B)(x)
(2)= lim
x1,x2→x
e
i
2 θ
ij ∂
(1)
i ∂
(2)
j A(x1)B(x2),
the action (1) is equivalent to the commutative one
and, as a consequence, one concludes that free field
theory cannot be modified by spacetime NC [4].
There is however another way to introduce NC
in a QFT. We will illustrate this with an example in
quantum mechanics. Let us consider the Hamiltonian
of an harmonic oscillator in two dimensions,
(3)H = 1
2
(
p21 + p22
)+ 1
2
(
q21 + q22
)
,
where the (qi,pi) satisfy the canonical commutation
relations
(4a)[pi,pj ] = 0,
(4b)[qi, qj ] = 0,
(4c)[qi,pj ] = iδij .
In the noncommutative space, one deforms the com-
mutator (4b) as follows:
(5)[qi, qj ] = iij θ,
where θ is a measure of the spatial NC. However, since
Eq. (3) is invariant under the symmetry qi ↔ pi , then
this is equivalent to a deformation of the commuta-
tor (4a):
(6)[pi,pj ] = iij θ,
and, as a consequence, the commutative and noncom-
mutative two-dimensional oscillators are very differ-
ent systems [5].
Note that Eq. (5) is a relation at the level of the
degrees of freedom of the system. Analogously, the
introduction of NC in a QFT at the level of the fields,
which is different from the NC in spatial coordinates,
will produce nontrivial modifications of the QFT
framework already at the level of a free theory.
Let us then come back to QFT and consider the
Hamiltonian of the free complex bosonic field theory
(7)Ĥ= 1
2
π2i +
1
2
∇φi ·∇φi + m
2
2
φ2i ,
where a sum over the two field components (the real
and imaginary parts of the original complex field) isassumed. In the Schrödinger representation for [6],
for fields satisfying the usual canonical commutation
relations, this Hamiltonian becomes the operator
(8)ĤC = 12
∫
dx
[
− δ
2
δφi(x)2
+ (∇φi)2 +m2φ2i
]
,
acting on functionals of classical fields φ, which are
the eigenvalues of the φ field operators.
We may introduce now a NC in field theory. The
simplest option is to deform the commutator of fields
in analogy with the deformation of the commutator
of the coordinates, Eq. (5), in the previous quantum
mechanical example. We might want to preserve the
locality in the new set of canonical commutation
relations, which become
(9a)[Πi(x),Πj (x ′)]= 0,
(9b)[Φi(x),Φj (x ′)]= iθ¯ij δ(x,x′),
(9c)[Φi(x ′),Πj (x)]= iδij δ(x,x′).
The NC parameter θ¯ has the dimension of
√
θ , where
θ is the usual parameter of NC in quantum mechanics.
The Moyal product Eq. (2) allows to map the study
of noncommutative field theories into that of ordinary
field theories where the ordinary product is replaced
by the star product [7,8]. The fact that the noncommu-
tativity of the base manifold can be bypassed with the
help of the star operation may be also used to define a
noncommutative quantum mechanics [9]. One can do
the same trick here. We must propose a new Moyal
product between functionals consistent with the com-
mutation relations (8). Defining
Ψ1[φ] 
 Ψ2[φ]
(10)= lim
η,ξ→φ e
i
2 θ¯ ij
∫
dx δ
δηi (x)
δ
δξj (x) Ψ1[η]Ψ2[ξ ],
we verify straightforwardly
[
φi(x),φj
(
x ′
)]


≡ φi(x) 
 φj
(
x ′
)− φj (x ′) 
 φi(x)
(11)= iθ¯ij δ
(
x,x′
)
,
and the standard properties of the Moyal product hold.
One should note, however, that this star product is
completely different from that of Eq. (2).
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tion in the field configuration space becomes
1
2
∫
dx
[
− δ
2
δφi(x)2
+ (∇φi)2 +m2φ2i
]

 Ψ [φj ]
(12)=EΨ [φj ],
where one should understand that the functional deriv-
atives remain unchanged under the star operation.
The noncommutativity introduced by the star prod-
uct in Eq. (12) is equivalent to replacing the Hamil-
tonian operator (8) by a new “noncommutative” Hamil-
tonian
ĤNC = ĤC
+ 1
2
∫
dx
[
iθ¯ij
(
m2φi
δ
δφj
+∇φi∇
[
δ
δφj
])
− θ¯
2
4
ij ik
(
∇
[
δ
δφj (x)
]
∇
[
δ
δφk(x)
]
(13)+m2 δ
2
δφj (x)δφk(x)
)]
,
acting on the same space of functionals of classical
fields.
We have mapped the original theory given by the
Hamiltonian (7) in terms of noncommutative fields (9)
into a theory of ordinary fields having ĤNC as the
Hamiltonian in its Schrödinger representation. This
has some analogy with the Seiberg–Witten map [8] in
Yang–Mills theories, which associates to every non-
commutative gauge theory an ordinary gauge theory
with a modified Hamiltonian.
Assuming that the θ¯ → 0 limit is not singular,1
the theory described by the Hamiltonian (13) will
be a theory of free particles. Using translational
invariance, one can derive their dispersion relation
through the common eigenvalues of ĤNC and the
momentum operator. The correspondence between
classical and quantum theories allows to determine
these eigenvalues easily by solving the evolution
1 See “Note added” at the end of this Letter.equation of the classical Hamiltonian
(14)
H = 1
2
∫
d3x
[
π2 − θ¯ ij
(∇φi∇πj +m2φiπj )
+ (∇φ)2 +m2φ2
+ θ¯
2
4
(
(∇π)2 +m2π2)],
with a plane wave ansatz
φi(x, t)=AieiEt−ik·x,
(15)πi(x, t)= BieiEt−ik·x .
Defining k ≡ |k|, we obtain
0=B1 + θ¯2
(
m2 + k2)A2
+ θ¯
2
4
(
m2 + k2)B1 − iEA1,
0=B2 − θ¯2
(
m2 + k2)A1
+ θ¯
2
4
(
m2 + k2)B2 − iEA2,
0= (m2 + k2)A1 − θ¯2 (m2 + k2)B2 + iEB1,
(16)0= (m2 + k2)A2 + θ¯2 (m2 + k2)B1 + iEB2.
The energiesE(k) obtained as a solution of this lin-
ear system of equations are exactly the eigenvalues of
the Hamiltonian ĤNC, with k being the corresponding
eigenvalues of the momentum operator. This can be
easily proved from the correspondence between clas-
sical fields and matrix elements of the field operator.
Nontrivial solutions of the previous set of equa-
tions are obtained if and only if the principal deter-
minant vanishes. Note that under the exchange A1 ↔
A2,B1 ↔ B2, the coefficient matrix in Eq. (16) re-
mains identical if we change θ¯ by −θ¯ . Therefore, if
its determinant vanishes for a certain θ¯ , it will also do
so for −θ¯ . This is reflected in the double solution in-
dicated by the ± sign (we take from now on θ¯ > 0)
in the following dispersion relation obtained from the
vanishing condition of the determinant:
E2± = k2 +m2 +
(k2 +m2)2θ¯2
2
(17)± (k
2 +m2)3/2θ¯
√
4+ (k2 +m2)θ¯2
.
2
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could have been anticipated either from the commuta-
tion relations (9), which are no longer covariant ow-
ing to the different Lorentz transformation laws for
the field and the momentum, or, alternatively, from the
Lorentz noninvariant terms in the Hamiltonian (14).
Since the interchange φ1 ↔ φ2 corresponds (apart
from a global i factor) to the exchange φ ↔ φ∗, we
conclude that the term proportional to θ¯ in Eq. (17)
will be of opposite sign for the particle and antipar-
ticle described by the complex field φ. This matter–
antimatter asymmetry which comes out from the NC
will have important consequences as we will explore
later.
Let us simplify Eq. (17) a little bit. Defining ELI ≡√
k2 +m2, we see that E2±/E2LI is a function of the
variable a ≡ELIθ¯ . In fact
(18)E
2±
E2LI
= 1+ a
2
2
± a
√
4+ a2
2
.
Lorentz invariance is a very good low-energy ap-
proximation, well tested at least up to the TeV scale.
This puts an upper bound on the NC parameter, θ¯ 
10−12 eV−1. Small deviations mean a 1. Up to or-
der a3, we therefore get
E2± = k2 +m2 ±
(
k2 +m2)3/2θ¯
(19)+ (k2 +m2)2 θ¯2
2
.
In the ultrarelativistic limit, k  m, keeping only
each of the first terms in the expansion in both powers
of m2 and θ¯ of Eq. (19), we get
(20)E± = k + m
2
2k
± 1
2
θ¯k2.
In the nonrelativistic limit, k  m, then expanding
Eq. (19) in powers of k2 and θ¯ , we obtain to first order
(21)E± =m+ k
2
2m
± 1
2
θ¯m2.
In contrast with a general parametrization of a
Lorentz-violating dispersion relation involving many
undetermined coefficients [10], the phenomenological
analysis of a Lorentz invariance violation (LIV) pro-
duced by NC in field space is more economical be-
cause the only coefficient present in Eq. (17) is the NCparameter θ¯ and, therefore, one could search for an ap-
propriate experiment in order to extract some limits on
it.
The LIV’s induced by the NC are a high-energy
effect (of scale θ¯−1). They could therefore be ob-
served in high-energy experiments or in low-energy
experiments of very high precision. Complete analy-
ses of the noncommutative effects to low-energy ex-
periments would be quite involved, and in particular
would require to go beyond free theory. But in order to
get an estimate of the sensitivity to θ¯ at low-energies
it is enough to concentrate on a simple experiment,
such as the tritium beta-decay, and study the modifi-
cations induced by the noncommutative dispersion re-
lation Eq. (17). The tritium beta decay is a low-energy
experiment [11], with scales the electron mass and Q,
the total energy available for the process. However, its
high precision makes it sensitive to tiny deviations in-
duced by a very small nonzero mass from the E = k
relation for a massless neutrino. What about the small
deviation from the relativistic dispersion relation com-
ing from the NC? Since for a neutrino k  m, the
energy–momentum relation is Eq. (20). The mass term
gets important at the end of the beta-decay spectrum
(small k for the neutrino), while the NC term is impor-
tant at the beginning of the spectrum. Both corrections
are comparable at a neutrino momentum given by
(22)k ∼
(
m
eV
)2/3[
(1013 eV)−1
θ¯
]1/3
(20 keV).
Since 20 keV is the order of magnitude of the
maximum momentum for the neutrino in the tritium
beta-decay, the possibility to detect a parameter of
NC θ¯ ∼ (1013 eV)−1 using data from the beginning
of the electron energy spectrum is comparable to the
possibility to detect a neutrino mass of order the
eV using the experimental data from the tail of the
spectrum. In fact, this θ¯ would require a precision
in the determination of the energy of the neutrino
δEν ∼ 10−4–10−5 eV, far from the experimental
possibilities.
An alternative would be to consider the disper-
sion relation for the electron. Since in the tritium
beta-decay the electron is nonrelativistic, its energy–
momentum relation is Eq. (21). Detection of θ¯ ∼
(1013 eV)−1 here requires a determination of the en-
ergy of the electron with a 10−1–10−2 eV precision.
But there is an extra difficulty here: the modification in
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tive” mass) that cannot be distinguished from a change
in the Q factor, whose determination certainly con-
tains errors greater than the eV.
On the other hand, the mass of the electron is
known with a precision of 2 × 10−2 eV. So a θ¯ ∼
(1013 eV)−1 would be detectable from the experi-
ments used to measure the electron mass if they were
able to separate the effective mass coming from the
NC. If this were so also in the case of the proton,
even a θ¯ ∼ (1016 eV)−1 would be detectable (since
the “effective” mass, ≈ m2pθ¯ , is larger in this case).
But to see this, one should go beyond the free theory
in the discussion of noncommutative quantum fields.
We turn instead to the possibility of direct exploration
of scales 1/θ¯ offered by the physics of high-energy
cosmic rays, which is known to change drastically by
violation of Lorentz symmetry [10,12]. We will see
how this physics is sensitive to much lower values of
the NC parameter θ¯ .
For high-energy cosmic rays (ELI ∼ k  1016 eV)
and a NC parameter θ¯ ∼ (1013 eV)−1, we are no
longer in the limit a  1; instead we have kθ¯  1.
The energy–momentum relation for this case can be
easily obtained from Eq. (18):
(23)E+ ≈ k2θ¯ , E2− ≈ θ¯−2 − 2/
(
k2θ¯4
)
.
Experimental observation of cosmic rays up to en-
ergies E ∼ 1020 eV rules out both solutions [13]:
with the E+ relation, any disintegration of one par-
ticle into two particles allowed by the conservation
laws of the strong interaction (e.g., p→ n + π+) is
also allowed by energy conservation, whatever their
masses are. This is an effective mechanism of energy
loss for primary cosmic rays. A particle with the E−
relation would have a maximum energy of 1/θ¯ . There-
fore, the parameter of NC cannot be much higher than
(1020 eV)−1. In particular the values θ¯ ∼ (1013 eV)−1
are completely excluded.
An interesting possibility is that the NC would
be a quantum gravity effect, so that θ¯−1 would
naturally be of order the Planck scale, MP ∼ 1028 eV.
In general, for θ¯  (1020 eV)−1, we can use the
approximation a  1 in the physics of high-energy
cosmic rays and the energy–momentum relation given
by Eq. (20). Let us consider the kinematics of the
disintegration of a particle of mass m into two particles
m1 and m2 of momenta p1 and p2 with relativeangle φ. Energy conservation leads to
(24)
cosφ ≈ 1+
(
m21
2p1
+ m
2
2
2p2
− m
2
2(p1 + p2)
)
×
(
1
p1
+ 1
p2
)
∓ θ¯ (p1 + p2).
Without the NC contribution, cosφ > 1 if m1 +m2 >
m and the disintegration is forbidden, while it is kine-
matically allowed if m1 +m2 <m. A positive correc-
tion to the energy in Eq. (20) coming from the NC en-
larges the range of masses for which the disintegration
is allowed, while the negative correction produces the
inverse effect: kinematically allowed disintegrations in
the relativistic invariant theory are no longer allowed
above a certain value of the momentum.
Taking masses of the order of the GeV, the mo-
mentum scale pnc above which: either disintegration
is an effective mechanism for energy loss in E+ case,
or kinematically allowed disintegrations in the Lorentz
invariant theory are forbidden because of the NC in the
E− case, is
(25)pnc ∼
[
(1028 eV)−1
θ¯
]1/3
2× 1015 eV.
Again, the existence of cosmic rays of energies as high
as E ∼ 1020 eV discards the E+ energy–momentum
relation for them [at least for values θ¯  (1043 eV)−1],
while the E− relation would still be compatible with
the observation of such energetic cosmic rays. In this
last case, we could consider the energy loss mecha-
nism coming from the interaction with the microwave
background of photons, which in standard Lorentz in-
variant kinematics produces the GZK cutoff [3] at
1019 eV. Incorporating the energy of the photon ω ∼
10−4 eV to the energy balance Eq. (24), the reaction
p+γ → n+π+ is kinematically allowed with the E−
relation coming from NC if
(26)
[
ω+ m
2
2(p1 + p2) −
m21
2p1
− m
2
2
2p2
]
 θ¯p1p2.
Without NC, the right-hand side (rhs) of Eq. (26) is
zero and the inequality is satisfied above a certain
value of the momentum p1 + p2 (the standard GZK
cutoff). However, for values of the NC parameter θ¯ 
(1043 eV)−1, Eq. (26) is no longer satisfied for any
momentum: the GZK cutoff disappears.
In summary, for the energy–momentum relation
Eq. (17) which comes out from noncommutative
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particles would be compatible with the observation
of very high-energy cosmic rays. Moreover, the NC
washes out the standard GZK cutoff, and is therefore
a possible explanation of why this cutoff is not
observed in the cosmic ray spectrum. Recalling the
comments following Eq. (16), the E+ relation should
be assigned to antiparticles. According to our previous
discussion, they would present a very efficient energy
loss mechanism at high energies (disintegration by
strong processes) and could not propagate through
very large distances. These conclusions apply to very
tiny values of the NC parameter [the limitation is just
θ¯  (1043 eV)−1)], including the suggestive scenario
in which NC arises from quantum gravity effects
(θ¯−1 ∼MP ).
We should note that for certain particles the assig-
nation of theE− orE+ energy–momentum relations is
still ambiguous. For example, the distinction between
matter and antimatter for the π+ and the π− is not
clear. We used the E− relation for the π+ in Eq. (26),
but we could have equally chosen the E+ relation for
it. Moreover, the π0 is described by a real field, so
that we cannot make it noncommutative (according to
Eq. (9b) we need two-component fields for the intro-
duction of noncommutativity). Since the π0, together
with the π+ and the π− forms an SU(2) triplet, one
could argue the absence of noncommutative correc-
tions for the three particles based on symmetry argu-
ments. However, in this case the ambiguity does not
affect the conclusion of the disappearance of the GZK
cutoff. Taking the E+ relation for the π+ modifies the
rhs of Eq. (26) by the factor (1 + p2/p1). The fac-
tor is (1+ p2/2p1) if the π+ does not present any θ¯
correction. In both cases the corresponding inequal-
ity is even more difficult to satisfy than Eq. (26). On
the other hand, since we are considering different dis-
persion relations for particles and antiparticles, a very
stringent bound (θ¯  10−27 eV−1) is given by kine-
matic CPT violation in neutral kaons [14]. If however
one extends the previous symmetry arguments for pi-
ons to SU(3) then there are no bounds to θ¯ coming
from kaon physics.
Finally, let us comment that QFT formulated in
a noncommutative space also produces violations of
relativistic invariance if one goes beyond free the-
ory. This is a “dynamic” LIV, in the sense that it
is produced only in the presence of an interaction.Existing experiments bound the NC energy scale to
1013 eV [15]. In contrast, NC in field space produces
a “kinematic” violation, which allows the identifica-
tion of corrections to the relativistic dispersion rela-
tion containing a single parameter θ¯ . In this case high-
energy cosmic rays put a much more stringent bound
on the NC energy scale θ¯−1.
Note added
After this work was submitted for publication, we
proved the validity of the hypothesis that the Hamil-
tonian (13) describes a theory of free particles by
defining an explicit quantization in Fock space [16].
This reformulation allowed us to go beyond the sim-
plest option of noncommutativity by including a non-
trivial commutator for the momenta (a deformation of
the relation (9a)).
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